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We introduce a pedagogical discussion on Bohmian mechanics and its physical implications in
connection with the important role played by the quantum phase in the dynamics of quantum
processes. In particular, we have focused on phenomena such as quantum coherence, diffraction and
interference due to their historical relevance in the development of the quantum theory and their
key role in a myriad of fundamental and applied problems of current interest.
I. INTRODUCTION
The wave function provides us with the most complete
information about a quantum system: a probabilistic or
statistical type of information about the possible out-
comes that may result after performing a measurement
on such a system.1 At present, this is the generally ac-
cepted point of view, although it has not been exempt
from controversy since the very inception of the quantum
theory. This has led to an exciting, ongoing debate on
two fundamental questions, namely the completeness of
the wave function and the quantum measurement,2 both
linked to the purpose of discerning whether the quantum
world is inherently probabilistic. According to von Neu-
mann’s theorem,3 this seems to be indeed the case: quan-
tum mechanics or any other alternative theory cannot be
formulated by simply considering a statistical approxi-
mation from a classical-like deterministic theory. That
is, there are no more complete theories based on hidden-
variable models that can provide us with a description of
quantum phenomena in terms of dispersion-free ensem-
bles. Consequently, this leaves the door open for interpre-
tations like the observer’s subjective action on quantum
systems during the measurement process, for example.
In an attempt to find an objective description of quan-
tum phenomena, in 1952 Bohm proposed4–7 a physical
hidden-variable model which reproduced the predictions
of the standard quantum theory without violating any of
its postulates, thus providing a counterexample to von
Neumann’s theorem. Bohm’s model, nowadays widely
known as Bohmian mechanics,8 relies on the assumption
that a quantum system consists of a wave and a parti-
cle. The wave evolves according to Schro¨dinger’s equa-
tion and the particle according to a guidance condition
that makes the particle motion to be dependent on the
wave evolution. Bohmian mechanics thus entails the very
appealing feature that it allows us to understand quan-
tum systems on similar grounds as classical ones, i.e., in
terms of the evolution of a swarm of trajectories through
the system’s configuration space. Alternatively, this can
also be interpreted as the evolution of a quantum flow,
as suggested by Madelung9 in 1926, thus giving rise to
a hydrodynamic form of quantum mechanics that can
be considered a precursor of Bohmian mechanics. These
ideas, though, transcend conceptual or philosophical is-
sues, bringing Bohmian mechanics down to a more ap-
plied level, as it has been the case over the last decade.
During this time, this theory has undergone a rebirth,
passing from being another way to understand quantum
mechanics “without observers”10 to a well-known and in-
creasingly accepted resource to interpret quantum pro-
cesses and phenomena, as well as to devise numerical
algorithms to simulate them.11–14
The main goal of this work consists of helping to de-
velop an appropriate quantum thinking, i.e., a way to
think, to interpret and to understand quantum mechan-
ics within a more natural scenario than the standard one,
based on abstract and subjective concepts, such as pos-
tulates, operators and probabilities. When passing from
the classical to the quantum-mechanical world, one usu-
ally loses track of concepts which are very much attached
to our daily intuition. Bohmian mechanics, on the con-
trary, offers the appropriate tools to overcome the inter-
mediate gap, allowing us to adapt to the new conceptual
framework by means of already well-known concepts. In
particular, from our own experience, we find quantum
concepts permeate students faster when intuitive mod-
els like the Bohmian one are utilized, for they can move
from classical scenarios to quantum-mechanical ones by
means of the same element: trajectories. As it was al-
ready pointed out by Bell,15 this constitutes an impor-
tant advantage in order to better learn and understand
the physics behind quantum mechanics.
In this regard, it is worth mentioning that the work
presented here can be considered as complementary to
the one recently published by Jeremy Bernstein,16 “More
about Bohm’s quantum”. In it, Bernstein presents a
nice introduction to the Bohmian interpretation of quan-
tum theory; our goal here is to show how this theory
can be applied to study some well-known quantum pro-
cesses. From a pedagogical point of view, these works
could be used to cover the gaps on developments within
the quantum theory over the second half of the twen-
tieth century.17 This is particularly relevant if one con-
siders that the technologies available at present allow us
to explore experimentally scenarios that were considered
only the ground of gedankenexperiments until recently,
thus reopening the interest in the foundations of quan-
tum mechanics —think, for example, about the techno-
logical applications were fundamental processes, such as
2matter wave interference or entanglement, are involved.
As it is clear, here we cannot cope with all the issues
covered by quantum mechanics (more detailed accounts
can be found in references like those provided above),
so we have focussed our discussion on the dynamics led
by the quantum phase in phenomena such as quantum
coherence, diffraction and interference. These phenom-
ena have been particularly chosen because of their rele-
vance in the historical development of quantum mechan-
ics as well as their important role in different fundamen-
tal and technological applications nowadays. As it will
be shown, when attention is primarily paid to the quan-
tum probability current density instead of to the proba-
bility density, very interesting and challenging properties
arise. They become very apparent through Bohmian me-
chanics, although they could also be found in standard
quantum mechanics with some care, since they are usu-
ally “masked” (we do not observe them there, because we
rarely look at quantities dynamically depending on the
quantum phase, such as the quantum probability current
density). This situation is analogous, to some extent,
to that of quantum nonlocality:18 although it is always
present, it only emerges strikingly in experiments like
the Einstein-Podolsky-Rosen-Bohm one.19 Now, far from
only being a mere academic exercise, we would also like
to stress the potential interest and power of Bohmian me-
chanics. At a fundamental level, due to the insight it pro-
vides to analyze all our preconceived notions of quantum
processes and phenomena; at an applied level, because
of the direct implications in fields such as matter wave
interferometry or quantum information, for example.
This work has been organized as follows. In order
to be self-contained, in Section II, the basic elements
of Bohmian mechanics are briefly introduced. In Sec-
tion III, a discussion on the meaning of the concept of
quantum trajectory is presented. In Sections IV to VI,
we analyze and discuss three cases of interest where the
quantum phase plays a fundamental role through the
properties of quantum coherence and interference. Fi-
nally, the conclusions extracted from this work are sum-
marized in Section VII.
II. FORMAL GROUNDS OF BOHMIAN
MECHANICS
Within Bohmian mechanics, the wave function Ψ sup-
plies the quantum system with dynamical information on
each point of the associated configuration space at each
time. This information is encoded in its phase, as can be
seen through the transformation relation
Ψ(r, t) = ρ1/2(r, t)eiS(r,t)/~, (1)
where ρ and S are the probability density and phase
of Ψ, respectively, both being real-valued quantities.
This relation allows us to pass from the time-dependent
Schro¨dinger equation,
i~
∂Ψ
∂t
=
(
− ~
2
2m
∇2 + V
)
Ψ, (2)
to the system of coupled equations
∂ρ
∂t
+ ∇ ·
(
ρ
∇S
m
)
= 0, (3)
∂S
∂t
+
(∇S)2
2m
+ V +Q = 0, (4)
where
Q ≡ − ~
2
2m
∇2ρ1/2
ρ1/2
=
~
2
4m
[
1
2
(∇ρ
ρ
)2
− ∇
2ρ
ρ
]
(5)
is the so-called quantum potential. Equation (3) is the
continuity equation, which describes the ensemble dy-
namics, i.e., the motion of a swarm of trajectories initially
distributed according to some ρ0. Equations (4) and (6)
govern the motion of individual particles; the quantum
Hamilton-Jacobi equation (4) accounts for the phase-field
evolution ruling the quantum particle dynamics through
the equation of motion
v = r˙ =
∇S
m
. (6)
This relation indicates that one can define a local ve-
locity field on each point of the system configuration
space [see also Eq. (10), below] and, by integrating it
in time, to obtain the corresponding trajectory. In prin-
ciple, this is a general result that goes beyond any par-
ticular interpretation of the quantum theory (although it
is more apparent with the Bohmian approach) and is to-
tally neglected in standard quantum mechanics courses.
It stresses in a very nice fashion the important role played
by phase in quantum mechanics (actually, in the dynam-
ics of quantum systems), which is usually considered only
when talking about interference.
The coupling between Eqs. (3) and (4) through Q (or,
equivalently, ρ and its space derivatives) is the reason
why quantum (Bohmian) dynamics is very different from
its classical counterpart. More specifically, in classical
mechanics we find
∂ρcl
∂t
+ ∇ ·
(
ρcl
∇Scl
m
)
= 0, (7)
∂Scl
∂t
+
(∇Scl)2
2m
+ V = 0, (8)
where Scl is the well-known classical action and ρcl de-
notes a classical particle distribution function. As it can
be seen, Scl establishes a coupling between these two
equations, such that the individual particle motion rules
the evolution of the particle distribution. However, there
is no feedback from the latter on the former, as it happens
in the quantum case, where ρ also governs the individual
motion through Q. In other words, this coupling enables
3the wave function to guide the particle motion. Also,
it can be noticed that classical trajectories are obtained
from a relation like (6), although Scl is not referred to as
a classical phase, but as the classical action. This is not
just a coincidence, but is related to an analogous con-
cept to that of quantum phase, used by Schro¨dinger in
the derivation of his equation,14 namely the surfaces of
constant action in the phase space, a linking idea between
wave optics and classical mechanics.
In the literature, we essentially find two types of
Bohmian schemes:11 analytic and synthetic. The ana-
lytic scheme is based on first solving Eq. (2) for Ψ and
then substituting the latter into Eq. (6) to find the quan-
tum trajectories. It is usually considered for interpretive
purposes.20 The synthetic scheme, based on Eqs. (3), (4)
and (6) (or their hydrodynamical counterparts), is aimed
at devising computational algorithms to obtain the quan-
tum trajectories “on-the-fly” and then to “synthesize”
Ψ (or ρ) from them.21 This second approach, rooted in
Madelung’s quantum hydrodynamics,9 was considered in
the 1970s by Bialynicki-Birula22 and Hirschfelder,23 al-
though later on Wyatt21 popularized it through the so-
called quantum trajectory methods.11 In quantum hydro-
dynamics, the magnitudes of interest are the probability
density, ρ = R2 = Ψ∗Ψ, and the probability current
density, J = ρv = R2 (∇S/m), related through the con-
tinuity equation (3),
∂ρ
∂t
= −∇ · J. (9)
An equation equivalent to (4) can also be constructed for
v, giving rise to quantum Euler or Navier-Stokes equa-
tions. Instead of trajectories, the solutions of (6) are bet-
ter regarded as fluid streamlines (or flow lines), obtained
by integrating
v = r˙ =
J
ρ
, (10)
formally equivalent to (6). These lines follow the flow
described by the quantum (probabilistic) fluid associated
with the system.
III. STREAMLINES, TRACER PARTICLES
AND BOHMIAN MECHANICS
Once the formal basis of the theory is settled, a
question that immediately arises is: what is exactly
a Bohmian trajectory? Or, equivalently, what does a
Bohmian trajectory actually represent? Given the con-
nection between Eqs. (2) and (6), at a formal level it can
be said that a Bohmian trajectory describes the evolu-
tion in time of a specific point of the configuration space
associated with the physical system described by (1). Ac-
tually, analogously to classical mechanics, if the value or
state of a certain system property is specified by some
particular configuration space point, the Bohmian tra-
jectory will show us the time-evolution of such a state
(point). It is in this sense that Bohmian mechanics can
be considered to be more complete than the standard
quantum theory,4 since it goes beyond the probabilistic
description of the latter by allowing us to monitor the
individual evolution of each configuration space point.
In this regard, the trajectory can therefore represent the
path displayed by a particle in a scattering or an inter-
ference experiment, for example, as well as the evolution
of some internal degree of freedom, such as the reaction
coordinate describing the passage from reactants to prod-
ucts in a chemical reaction. In either case, we gain an
insight that helps us to understand the process that is
going on in a causal manner, i.e., with no need for ap-
pealing to a probabilistic description.
This brings about another important question: are
Bohmian trajectories the real paths followed by the de-
grees of freedom involved in our description (regardless
of what these degrees of freedom may represent)? This
question was introduced in the literature by Scully and
coworkers,24 who ended up arguing that Bohmian trajec-
tories are too “bizarre” when trying to explain some of
the fundamental experiments of quantum mechanics, like
Wheeler’s delayed choice experiment.25 Unfortunately,
this is only a consequence of the misuse of Bohmian me-
chanics, as shown by Hiley and Callaghan,26 for this the-
ory just allows us to remove all paradoxes we find in the
quantum theory (“Particles do not go through both slits
at the same time, cats do not end up in contradictory
states such as being simultaneously alive and dead, and
there is no measurement problem.” [26]) and explain
quantum phenomena in a more unambiguous fashion.
Controversies like the one mentioned above have a pos-
itive side, for they lead us to think of the reality of
Bohmian trajectories, i.e., to what extent a quantum par-
ticle will follow one of such trajectories, just as a speck
of dust describes a (classical) path suspended in the air.
For pedagogical purposes, in order to render some light
on this issue, consider the following two well-known clas-
sical scenarios. First, imagine we want to measure some
physical quantity of a classical system (e.g., the position
of a pendulum at a given time). Typically, we do not per-
form one single measurement, but a number of them and
then we compute their average; the resulting outcome is
the value we eventually assign to such a physical quantity.
Obviously, if the initial state is the same and the quantity
can be measured with infinite accuracy, the same out-
come should be obtained after each measurement, which
would be therefore dispersionless. This means a point
in the phase space determined by the degrees of freedom
associated with such a system. However, under the pres-
ence of fluctuations, the outcome will be described by a
certain density distribution function covering a region of
such phase space rather than a point. This leads us to the
theoretical framework of statistical mechanics. Second,
consider a classical fluid. It consists of many different
particles (e.g., atoms, ions, molecules, etc.), all the de-
grees of freedom being described by a set of differential
coupled equations, with as many equations as degrees of
4freedom are involved, in principle (they can be reduced
later on by means of different constraint conditions, but
this is irrelevant here). Under some assumptions, one
can pass from the microscopic description of the fluid
to a macroscopic one, where equations like the Euler or
Navier-Stokes ones will be rather used. These equations
provide us with a phenomenological description of the
evolution of a continuous fluid without paying any at-
tention to the particular (microscopic) dynamics of its
constituents. This is essentially the basis of classical hy-
drodynamics. Now, to understand the dynamics of such
a fluid experimentally and then to compare it with the
theoretical model, one usually proceeds by sprinkling the
fluid with some particles. These are tracer particles that
help us to visualize the flow dynamics as they move along
the fluid streamlines (the lines along which the fluid cur-
rent goes or, equivalently, its energy is transported). For
example, if we want to observe the evolution of an air
stream, we can use smoke; for a liquid like water, we
can make use of another liquid, like ink, or tinny float-
ing particles, like charcoal dust. At cosmological scales,
hydrodynamical approaches can also be utilized, consid-
ering stars, galaxies or galaxy clusters as tracer particles.
After this discussion, let us go back again to Bohmian
mechanics and the meaning of a quantum trajectory and
a Bohmian particle. In real event-to-event interference
experiments,27,28 we observe that quantum particles be-
have as in the first scenario mentioned above: a single
measurement or detection is meaningless, so we need
many of them in order to visualize the pattern formed
and, therefore, to obtain information about either the
diffracted particle or the diffracting object. Individual
real quantum particles thus behave like individual point-
like particles, although their distributions display wave-
like behavior, in accordance with Schro¨dinger’s equation
(2) or its Bohmian equivalents, Eqs. (3) and (4). Hence,
these ensemble properties must be dealt with in terms
of statistical descriptors, namely a density distribution
function, with its role being played in quantum mechan-
ics by the probability density (or, equivalently, the wave
function). This is in agreement with Born’s statistical
interpretation of quantum mechanics. However, if (indi-
vidual) particles are regarded as moving along single tra-
jectories, are these trajectories the ones obtained from
(6)? In principle, Bohmian trajectories reproduce all
the features of quantum mechanics and one would be
then tempted to think that real particles always move as
Bohmian particles (i.e., obeying a Bohmian dynamics).
However, if the Bohmian equations are understood as
hydrodynamic equations, the trajectories obtained from
(6) should not be regarded necessarily as the trajectories
pursued by real particles, but rather as the streamlines
associated with the quantum fluid, as in the second clas-
sical scenario mentioned above (note that Schro¨dinger’s
equation does not usually describe a “true” particle, but
a degree of freedom). That is, in principle, Bohmian
particles play the same role as classical tracer particles,
allowing us to infer dynamical properties of the quantum
fluid that appear usually as “hidden” when studied by
means of the wave function formalism.
IV. FREE GAUSSIAN WAVE PACKETS
In order to properly understand the dynamical role of
the quantum phase as well as the implications of quantum
coherence, consider a free expanding one-dimensional
Gaussian wave packet,
Ψ(x, t) =
(
1
2piσ˜2t
)1/4
e−(x−v0t)
2/4σ˜tσ0+ip0(x−v0t)/~+iEt/~.
(11)
This wave packet moves along the classical trajectory
xcl = v0t (for simplicity, we assume xcl,0 = 0) and its
spreading with times goes as
σt = |σ˜t| = σ0
√
1 +
(
~t
2mσ20
)2
. (12)
Extracting S from (11) and then substituting it into
(6), we find the general expression for the correspond-
ing quantum trajectories,
x(t) = v0t+
σt
σ0
x0, (13)
with x0 being the trajectory initial position.
In Eq. (13), we clearly distinguish the two contribu-
tions that rule the behavior with time of a free Gaus-
sian wave packet35 (the same could also be applied to
other more general wave packets). First, there is a clas-
sical drift which makes any quantum trajectory to move
alongside the corresponding classical path. This could be
regarded as the classicality criterion in Bohmian mechan-
ics —actually, this can be related to Ehrenfest’s theorem,
as seen bellow. The second contribution is a quantum
(fluid) drift associated with the expansion undergone by
Ψ with time. Since the trajectories are “guided” by the
quantum fluid, the separation among them will increase
at a nonuniform accelerated rate,
dx
dt
=
σ0
σt
t
τ2
x0, (14)
with τ ≡ 2mσ20/~. In other words, free expansion trans-
lates into an accelerated quantum motion, unlike what
happens in classical mechanics. The classical limit thus
consists of keeping this term relatively small, so that the
quantum trajectories evolve parallel to the classical one,
xcl, in agreement with Ehrenfest’s theorem (see below).
By inspecting Eq. (12), two time regimes become
apparent.29 If t≪ τ , the wave packet spreading is negligi-
ble (σt ≈ σ0) and quantum trajectories are all essentially
parallel to xcl, since x(t) ≈ x0 + v0t. This time scale
thus defines a type of classicality criterion that coincides
with the Ehrenfest criterion from traditional courses on
quantum mechanics.1 This early stage can be therefore
5FIG. 1: Free evolution of a Gaussian wave packet in terms of
quantum trajectories (blue solid lines): (a) short-time limit
(Huygens and Fresnel regimes; the dividing line between both
would be approximately at t ≈ 0.2) and (b) long-time limit
(Fraunhofer regime). Some classical counterparts (red dashed
lines) undergoing a uniform motion are also displayed: in the
short-time limit (a), they start at xcl,0 = x0 and move with
vcl = v0; in the long-time limit (b), they start at xcl,0 = 0 and
move with vcl = v0+x0/τ , in agreement with the asymptotic
expression (15).
called the Ehrenfest regime, with the classical drift lead-
ing the dynamics. Since Ψ has not spread too much for
these shorter time scales (i.e., diffraction effects are not
relevant yet), it can also be called the Huygens regime by
appealing to an optical analogy —remember that Huy-
gens’ wave theory30 does not account for diffraction phe-
nomena (wave spreading), but only interference.
As t increases (t ∼ τ), we start to observe the action of
the quantum component of the velocity. This leads to an
incipient accelerated motion, which at early stages can
be described according to the familiar expression from
classical mechanics
x(t) ≈ x0 + v0t+ 1
2
aqt
2, (15)
where aq ≡ x0/τ2 depends on the particle initial position
—the further away this position is with respect to the
center of the wave packet, the faster the particle acceler-
ates. The result looks as in Fig. 1(a). In optics, this is the
so-called Fresnel regime, where phases depend quadrat-
ically on coordinates and therefore the wave varies im-
portantly as it moves small distances from the source.
Similarly, we also find a quantum Fresnel regime as time
increases and the diffraction effects are more noticeable
on the wave packet.
As time proceeds and gets relatively large (t ≫ τ),
the time-dependence of σt becomes linear and the wave
packet acquires a stationary shape which does not change
with time. In optics, this is the so-called Fraunhofer
regime, where phases depend linearly on coordinates and
therefore the shape of Ψ remains invariant. Within this
regime, quantum trajectories go as
x(t) ≈
(
v0 +
x0
τ
)
t, (16)
i.e., the asymptotic motion is again uniform, but with the
corresponding (constant) velocity having a component
proportional to the initial position of the trajectory, as
seen in Fig. 1(b). This extra quantum-mechanical com-
ponent is very important: in grating diffraction, for ex-
ample, it is linked to the different diffraction channels31
and crystal momentum transfer.20
Summarizing, by inspecting the topology displayed by
the quantum trajectories, we note that the quantum flow
evolves from an initially confined fluid to a linearly ex-
panding one, undergoing at times of the order of τ a sort
of internal boosting which bursts it open.29,32 If instead
of a Gaussian shape, a square one was chosen for the
wave packet, one would observe fractal features when it is
released.33 These features manifest very strikingly when
analyzing the corresponding quantum trajectories, which
are also fractal-like curves.34
V. WAVE-PACKET SUPERPOSITION
The previous analysis allows us to find practical crite-
ria to discern whether a coherent superposition of wave
packets will display temporary or permanent interfer-
ence features in the long-time dynamics. To this end,
consider the spreading rate ps = mvs ≡ ~/2σ0, associ-
ated with the spreading of the wave packet.35 Assuming
x0 ∼ σ0, Eq. (16) can be expressed as x(t) ≈ (v0 + vs) t,
from which asymptotic interference properties can be in-
ferred by only considering initial-condition parameters.
If v0 ≫ vs, a classical-like propagation will be dominant
(the wave packet spreading will not be relevant), while
for v0 ≪ vs quantum (spreading) effects will appear very
rapidly. Hence, given a wave packet superposition like
Ψ(r, t) = ψ1(r, t) + ψ2(r, t), (17)
with the ψi = ρ
1/2
i e
iSi/~ being counter-propagating
(v0,2 = −v0,1) Gaussian wave packets like (11), two situ-
ations are then possible,35 collision-like and interference-
like, respectively. In the first case, the wave packets re-
main spatially localized after they interfere; in the latter,
they cannot be distinguished individually due to the per-
manent presence of (two-slit like) interference features.
From Eq. (17), it is readily seen that
ρ = ρ1 + ρ2 + 2
√
ρ1ρ2 cosϕ, (18)
J =
1
m
Re (Ψ∗pˆΨ) = − i~
2m
(Ψ∗∇Ψ −Ψ∇Ψ∗)
=
1
m
[
ρ1∇S1 + ρ2∇S2 +√ρ1ρ2∇(S1 + S2) cosϕ
+~
(
ρ
1/2
1 ∇ρ1/22 − ρ1/22 ∇ρ1/21
)
sinϕ
]
, (19)
which, when substituted into Eq. (10), give rise to
r˙ =
1
m
ρ1∇S1 + αρ2∇S2 +
√
α
√
ρ1ρ2∇(S1 + S2) cosϕ
ρ1 + αρ2 + 2
√
α
√
ρ1ρ2 sinϕ
+
√
α
~
m
(
ρ
1/2
1 ∇ρ1/22 − ρ1/22 ∇ρ1/21
)
sinϕ
ρ1 + αρ2 + 2
√
α
√
ρ1ρ2 cosϕ
. (20)
6FIG. 2: Probability density (a), phase field (b) and velocity
field (c) for a head-on collision of two coherent Gaussian wave
packets with v0 ≫ vs. The color scale, from blue to red, de-
notes increasing values of the corresponding fields; black solid
lines correspond to Bohmian trajectories starting at different
initial positions.
Expressions (19) and (20), which can also be derived in
standard quantum mechanics, just contain the essence of
this theory, namely the specific meaning of the concept of
quantum coherence. However, not much attention is usu-
ally paid to them, since one usually focuses on probability
densities —except for calculations of net fluxes through
surfaces, as it is done in tunneling or scattering problems.
To stress the importance of quantum probability current
densities and quantum velocity fields, consider Eq. (17)
to represent the head-on collision of two wave packets,
as shown in Fig. 2. In this figure, the contour plots il-
lustrate how the corresponding probability density (a),
phase field (b) and velocity field (c) evolve with time; in
the three panels, the Bohmian trajectories (black solid
lines) indicate the direction of the quantum flow at each
time. Although there is no apparent initial overlapping
between the wave packets, the fact that both are present
induces very well-defined phase and velocity fields in the
intermediate region, which cannot be neglected concern-
ing the trajectory or phase dynamics: this translates into
a non-crossing that avoids trajectories coming from dif-
ferent dynamical regions to coalesce on the same (space)
point at the same time. This is the so-called non-crossing
property of Bohmian mechanics,4–6 which has an imme-
diate practical consequence: the phase field has to be
properly implemented in any trajectory-based algorithm
aimed at describing processes with presence of interfer-
ence in order to achieve accurate simulations.
The non-crossing property can be interpreted in terms
of the presence of an effective potential that arises from
FIG. 3: Effective dynamical potential. Representation of xmin
(a) and V0 (b) as a function of time for different values of the
translational momentum p0.
a pure phase effect and, therefore, is different in nature
from the quantum potential Q. As it is known,20,36,37
for interference processes Q presents a rather complex
shape initially, in the Fresnel regime; asymptotically, in
the Fraunhofer regime, Q acquires a more regular struc-
ture consisting of a series of alternating plateaus and dips,
with the quantum trajectories moving along the former
and avoiding the latter. The phase-mediated effective
potential, on the other hand, allows us to model the non-
crossing effect through the symmetry line splitting the
two regions with opposite (or mirror-symmetric) phase
[see Fig. 2(b)]. This potential can be simulated by a sim-
ple time-dependent square-well model,35
V (t) =


0, x < xmin(t)
−V0(t), xmin(t) ≤ x ≤ 0
∞, 0 < x
, (21)
where the width and depth of the well are
xmin(t) =
piσ2t
2p0σ
2
0
~
+
~t
2mσ20
x0
, (22)
V0(t) =
2~2
m
1
x2min(t)
, (23)
respectively. Thus, while the impenetrable wall gives rise
to trajectories bouncing at x = 0, the short-range square
well makes the (interference) peak closer to the wall to
have just half the width of the remaining peaks —in a
wave-packet interference pattern every half of the tra-
jectories that gives rise to the central maximum comes
from dynamical regions with opposite quantum phases
or, equivalently, opposite velocity fields [see Figs. 2(b)-
(c)]. In Fig. 3, xmin (a) and V0 (b) are displayed as a
function of time for different values of the translational
momentum p0. Thus, in Fig. 4, it can be noticed how
the collision of a wave packet with this kind of poten-
tial reproduces the main features of the a typical two-
slit interference pattern.35 Of course, one could devise
more refined models than (21) in order to get a better
agreement with the trajectories coming from the two in-
terfering wave packets. However, the important idea to
7FIG. 4: Coherent superposition of two Gaussian wave packets
with v0 ≪ vs (black dashed lines): (a) probability density
at t = 5 and (b) Bohmian trajectories. This problem can
be substituted by that of the collision of a single Gaussian
wave packet with an effective dynamical potential, like the
one given by Eq. (21). The results associated with the latter
problem are displayed with red solid line.
be stressed here is that, from a dynamical perspective,
a problem involving wave packet superposition is equiv-
alent to the scattering of a single wave packet with an
effective (dynamical) potential —classically, something
similar happens when two-body collisions are replaced
by the collision of a reduced mass “effective” body with
an “effective” central force. This highlights the difference
between the physics and the mathematics of the super-
position principle.
As seen above, quantum coherence and its Bohmian
effect, namely the non-crossing property, allow us to dis-
cern the slit traversed by a particle without disturbing it
in two-slit experiments, at least from a theoretical point
of view. When dealing with gratings with an infinite
number of slits, this effect leads quantum trajectories to
get confined along channels. That is, trajectories depart-
ing from a particular slit keep moving within the region
delimited by the boundaries of such a slit. This consti-
tutes a physical Bohmian view of the so-called Born-von
Karman boundary conditions for periodic slit gratings
or crystal lattices, which is at the heart of the so-called
Talbot effect,31 for example.
VI. APPLICATION TO MORE COMPLEX
SYSTEMS
Here we are going to briefly discuss more complex prob-
lems where the quantum phase and interference dynamics
also play an important role and how Bohmian mechanics
may help us to understand them. Thus, let us start by
considering the scattering of rare gas atoms with metal
surfaces with presence of impurities,38 where we can ob-
serve the appearance of vortical dynamics due to the
overlapping of incoming and outgoing wavefronts. This
mathematical overlapping between two solutions (ingo-
ing and outgoing waves) gives rise to a physical effect on
quantum trajectories: they display loops and temporary
trapping along the surface.
This type of behavior also plays a fundamental role
in problems involving a bound dynamics, such as those
describing the passage from reactants to products in a
chemical reaction. Here, moreover, the question of tun-
neling also arises. As it is known, typical tunneling prob-
lems in chemical reactivity essentially consist of reduc-
ing the dimensionality of a complex system to one (typ-
ically, the subspace of the reaction coordinate) and then
compute the corresponding transmission probability by
means of some kinematic or dynamic method. This can
be, however, very misleading. In one dimension there is
only one way to pass from reactants to products. There-
fore, if there is transmission for an (average) energy be-
low the top of the barrier (i.e., when it is not possible
by means of any classical mechanism), we speak about
tunneling. In more dimensions, though, this criterion
does not have a general validity, for the passage is ruled
by both the total amount of energy and the orientation
of the flow. Indeed, under certain conditions one can
observe39 that the production of products is more effi-
cient classically than quantum-mechanically due to the
inhibiting effect of interference (and the associated vor-
tical dynamics).
The reaction dynamics of a typical chemical process is
displayed by means of snapshots in Fig. 5. In this fig-
ure, the probability density is represented by a series of
contours (red solid lines), the local direction of the veloc-
ity field [as defined by Eq. (10)] is denoted by the blue
arrows and the so-called reaction path joining reactants
with products is denoted with the green thicker line; the
potential energy surface describing the reaction is rep-
resented by the black thinner contours. In this kind of
scenario, it can be shown39 that, surprisingly, for lower
energies the chance of observing formation of products is
larger with classical than with quantum particles. The
reason for this can be found in the formation of ripples
that avoid a larger penetration of quantum trajectories
to products, while a lesser amount of energy classically
means that the (classical) dynamics is smoother and more
trajectories can point correctly and pass to products. As
energy increases, the situation reverts; the pressure of
the quantum fluid is larger and more quantum trajecto-
ries can pass to products, while classically particles have
a larger momentum and, therefore, the dynamics even-
tually becomes more complicated (chaotic).
VII. FINAL REMARKS
The main goal of the present work has consisted of in-
troducing a comprehensive program that allows a better
understanding of the physical implications of quantum
mechanics beyond the standard formalism. With such
a purpose, the pedagogical advantages of Bohmian me-
chanics have been considered, in particular, applying it to
quantum coherence, diffraction and interference. Thus,
by means of Bohmian mechanics, we have seen a differ-
ent perspective of quantum phenomena and learnt about
8FIG. 5: Snapshots illustrating the evolution of the probability
density contours (red) and velocity-field arrow map (blue) of
an initial Gaussian wave packet acted by a typical potential
(gray contours) that describes the passage from reactants to
products in a chemical reaction.39 The reaction path is de-
noted by the green thicker line.
an alternative information which is usually given by the
quantum phase rather than by density distributions. The
fact that Bohmian mechanics is based on trajectories
makes this information more apparent, since the evolu-
tion of Bohmian particles depend directly on the quan-
tum phase and, therefore, will allows us to monitor any
dynamical feature related with it.
Taking this into account, Bohmian mechanics acquires
a potential interest at both the fundamental and the ap-
plied level. At a fundamental level, it constitutes an ideal
framework to analyze and to rethink all our preconceived
notions on quantum processes and phenomena, i.e., how
they take place, as we have seen. In particular, we have
shown how the physics of interference processes changes
dramatically when we switch from a mathematical to a
physical read of the superposition principle. Although
mathematically this principle seems to be a sort of “inno-
cent” tool to solve partial differential equations by adding
simpler solutions (something reflected in the own mathe-
matical structure of Hilbert space), the physical (dynam-
ical) consequences are quite far from such a simplicity,
finding behaviors that go from non-crossing fluxes to vor-
tical dynamics. These analyses and concepts can also be
straightforwardly extended to electromagnetic phenom-
ena, which will then be described in a similar trajectory-
like fashion.40
Obviously, such a fundamental issue has an applied
counterpart when the phenomenon under study is specif-
ically linked to the experiment. In the case of interfer-
ence, dealt with here, it has direct implications in fields
such as matter wave interferometry, strong field ioniza-
tion, quantum information or quantum control, among
others. In this sense, Bohmian mechanics can be im-
portant in the understanding of processes such as deco-
herence or quantum erasure. As we know, the quantum
dynamics is closely connected to the quantum phase and,
therefore, any clue on the quantum flux dynamics can be
very important to understand processes where the quan-
tum phase is relevant. Note that, except for cases such
as the Aharonov-Bohm effect41 or the Josephson effect,42
where the quantum phase plays a key role, not much at-
tention has been paid to it until the advent of quantum
information and quantum control, with which it has be-
come more relevant. Even though, the use of quantum
current densities and quantum velocity fields is not so
general. A reason for that could be that, contrary to
probability densities (i.e., intensities, transmission prob-
abilities, reflection coefficients, cross sections, etc.), such
fields are not observable directly —although they give
rise to indirect consequences experimentally detectable,
such as the previously mentioned effects.
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